Abstract-We derive a simple formula for the change in output when a device fails in a power-combining structure with identical matched devices. The loss is written in terms of the scattering coefficient of the failed device and reflection coefficient of an input port in the combining network. We apply this formula to several power combiners, including arrays in free space and enclosed waveguide structures. Our simulations indicate the output power degrades gracefully as devices fail, which is in agreement with previously published results.
I. INTRODUCTION
Q UASI-OPTICAL arrays use periodic structures loaded with semiconductor devices for power combining. The behavior of these arrays when devices fail is extremely important. The limited experimental data that have been published suggest that the arrays will degrade gracefully as devices fail [1] , [2] . In this paper, we develop a simple formula for calculating the loss when a device fails. We then apply this formula to several power-combining arrays and compare our simulations to measured results.
Graceful degradation has been studied previously in more traditional power-combining systems. Ernst et al. [3] used an intuitive approach to characterize the graceful degradation of power-combined amplifiers. Saleh [4] used this result in a paper that proposed a combining scheme with improved graceful degradation. Sarkar and Agrawal [5] used Kurokawa's theory of multiple-device oscillators to predict the graceful degradation of coupled oscillators.
II. THEORY
Consider a power combiner with identical sources and a load. The device-device and device-load coupling in the circuit are described by a scattering network with ports, as shown in Fig. 1 . A wave equivalent circuit represents each source with a wave and a scattering coefficient . The load is a one-port device with a reflection coefficient . We Manuscript received September 22, 1998 choose normalizing impedances at the device and output ports such that and are zero. We call the output port 0 and use the index for the source ports 1 through . We can write the output wave as
We now make two assumptions. First, we assume that, in normal operation, all of the input ports are matched. This means that the scattered waves are zero. For an input port , we write (2) This expression can be rewritten as (3) Our second assumption is that the coupling of each of the sources to the output load is the same, i.e., all are identical. In order to conserve power under normal operation, we demand (4) Now consider the effect when source fails and no longer produces a source wave. We assume the other sources do not change. We modify (1) to write the new output wave as (5) 0018-9480/99$10.00 © 1999 IEEE where the coefficients are the scattering parameters of the -port network formed by the original network and the failed device. These new scattering parameters can be written in terms of the original scattering parameters and the reflection coefficient of the failed device using Mason's rule [6] (6)
We now substitute this expression into (5) and express the output wave as (7) Finally, using (1) and (3), we can rewrite this as a proportional change in the output wave (8) This is a simple formula to apply if we can determine , i.e., the reflection coefficient for an input port in the combining network. In traditional power-combining circuits with hybrids or corporate combiners, the network is usually matched so that is zero [7] . For these circuits, the proportional change in the output wave is . For large , the fraction of power lost is approximately . As long as our original assumptions are met, (8) can be iterated for multiple failures. Two special cases are worthy of note. The first is if a device always fails as a matched load ( ). The second case is if the inputs are matched and noninteracting, guaranteeing that regardless of any previous failures. If either of these cases are true, iterating (8) gives a particularly simple result for multiple failures (9) where is the fraction of failed devices. We can recast (9) to give the reduction in the output power (10) These expressions are consistent with the idea that each device contributes equally to the output wave and agree with the results derived in [3] and [5] . Due to their simplicity, (9) and (10) will be considered archetypal failure expressions.
One limitation in our approach is that it assumes that a failure does not change the other sources in the network. This means that the bias on the remaining devices should not change and that their power or frequency should not vary. Furthermore, for array amplifiers, mixers, or detectors, we would need to consider how the input power to the array would change when a device fails. 
III. DISCUSSION
We will first consider two very simple examples. Fig. 2 shows a square grid array with the sources connected in parallel along a row, and with the rows in series. The load resistance is the same as the resistance of an individual source. This simple model is most useful for mixer and detector grids [8] , [9] , where a microwave signal is downconverted to a much lower frequency. This model is less useful for oscillator and amplifier arrays because it does not account for any phase delays or transmission-line effects that must be present in grids that are comparable to a wavelength. Nevertheless, for a large grid, the load that a single generator sees is primarily the parallel combination of the other sources in that row. We can approximate as
If a device fails as a short circuit, is 1 and we can approximate the proportional change in output wave as , and the fraction of power lost as . This is bad because the failed device shorts out the entire row. The loss is less when the device fails as an open or when a shorted device can be fused. In this case, is 1 and the proportional power reduction is . This is the best possible situation with a single failure.
We can reduce the sensitivity of the grid to if we connect horizontal resistors between the columns, as shown in Fig. 3 . The resistance in each of the horizontal connections is the same as the individual source and output resistance. For a large grid, calculating away from the edges is an old problem that has appeared in many homework questions and exams over the ages. One can use superposition to show that the resistance shunting any resistor in an infinite grid of identical resistors is the resistance of a single resistor. This makes , and the proportional power loss . The loss is twice as large as in the previous example, but no longer depends on the impedance of the fault.
IV. ARRAYS IN WAVEGUIDE
We can extend our development to investigate some more realistic power combiners. Many researchers believe that quasi-optical arrays will be most useful when placed in "hard- wall" waveguides, such as those reported in [10] - [12] . These waveguides are large overmoded structures with dielectric loading on the sidewalls to simulate a perfect magnetic conductor. This waveguide will support a quasi-TEM mode over a certain bandwidth. Another promising approach demonstrated by York et al. [13] is to combine the power in a standard waveguide.
We will simulate an array of dipole antennas placed in an idealized hard-wall waveguide. Fig. 4 shows the idea. A periodic square array of dipoles exists in a waveguide with electric walls on the top and bottom and magnetic walls on the sides. The antennas are separated by a distance and the size of the waveguide is, thus, . The waveguide extends to infinity the -directions. The inputs are the antennas, and the output is the TEM waveguide mode. Our goal is to determine the scattering matrix of this -port structure. Note that the matrix will not necessarily be lossless because some power may propagate in the waveguide's higher order modes.
We compute the scattering matrix as follows. The selfimpedance of any dipole in the waveguide can be calculated using the induced EMF technique. This method has long been used in analyzing quasi-optical grids [14] , [15] . The induced EMF technique can also be used to determine the mutual impedance between any two antennas in the array. We begin by expressing the assumed -directed surface current distribution on antenna as a Fourier series (12) The Fourier coefficients can be determined using the standard inversion exploiting the orthogonality of the cosine function. This current will induce a -directed electric field
. We now employ the induced EMF technique [16] to find the mutual impedance between two antennas and (13) and are the root mean square (rms) terminal currents flowing into antennas and .
is Neuman's number and is equal to one for and is equal to two for all other . is an effective mode impedance given by (14) and are the TE-and TM-mode impedances of the waveguide. In a more general case, these impedance terms may be replaced by parallel combinations of mode impedances seen looking in the positive and negative -directions, as in [17] .
After computing the mutual impedance between all possible antenna pairs, we will have determined an -port impedance matrix . This impedance matrix is used to relate the antenna voltages to the input antenna currents. To compute the scattering matrix , all antennas are conjugate matched to the driving-point impedance an antenna would see if all elements were excited in phase with equal currents. We call this impedance the generator impedance , and it will be given by (15) Due to the symmetry of the problem, is independent of the index . We then use the impedance matrix to find all the rms port voltages and currents when one antenna is excited with a unit current and all other antennas are terminated in . This information is used to calculate the scattering parameters for according to Kurokawa [18] . The coupling to the output TEM waveguide mode is evident from the symmetry of the array: for . We also deduce that is zero. The full -port scattering matrix can be used for a number of applications. For example, our analysis can be used to show that if the input antennas are excited by uncorrelated noise sources with equal powers, the output noise power will be identical to the noise power available at any one input. The matrix may also be useful for studying locking dynamics and phase noise in oscillator arrays.
However, in this paper, we concentrate on failure analysis. As an example, we will consider a dipole array operating at 10 GHz with an element spacing of 8 mm. Each dipole is 7.6-mm long and 0.8-mm wide. We assume a triangular surface current distribution on the dipole, maximum in the center and tapering linearly to zero at the ends. Tables I and  II show the reduction in output power when a single element fails in a 9-and 25-element array, respectively. We consider various failure locations in the array and also consider devices failing as a match, open, and short. These quantities are easily calculated using (8) and the scattering parameters. For all of these single-device failures, failure as a short is more detrimental to the output than failure as an open. For matched failures, the loss is independent of the fault's position in the array. Fig. 5 plots the simulated cumulative change in output power for a 100-element dipole array in a hard-wall waveguide for multiple failures. Again, we consider device failure as a match, open, and short. The location of the faults is determined randomly. When the devices fail as a match, the reduction in output power follows our archetypal failure expression (10) . As before, the loss does not depend on the location of a matched fault. However, when devices fail as an open or short, the reduction in power does depend on device location. For these cases, we plot the average of 100 random trials. All three cases are similar for a relatively few number of failures. However, as more devices fail, the curves separate. As before, the best case is when devices fail as open circuits. The worst case is when devices fail as matches. Unlike open or short circuits, the matched failures can absorb power that could otherwise be available to the output. Nevertheless, the grid in a hard-wall waveguide does fail gracefully. Also plotted in Fig. 5 are measured results from Cheng and York's 2 2 power amplifier array in standard -band waveguide. This array is similar to the one reported in [13] . Device failure is simulated by turning off the element bias. The measured results are in very good agreement with our archetypal equation (10) .
V. ARRAYS IN FREE SPACE
A similar approach can be used to simulate dipole arrays in free space. In this case, the self and mutual impedances are calculated using the induced EMF method. The calculations are outlined in many antenna textbooks [16] , [19] , [20] and will not be repeated here. The output port represents power radiated normally from the array's surface. We compute the scattering matrix in a similar manner as in the previous section. Each element is terminated with an identical normalizing impedance ; this impedance is the conjugate of the drivingpoint impedance of a central element. One notable difference between free-space and waveguide arrays is in calculating the coupling to the output. We cannot deduce the elements by symmetry, and must compute the radiated wave using the input current at antenna and the induced currents on all of the other antennas. The will not, in general, be identical. As a result, (8)- (10) are no longer valid. However, since we compute the entire scattering matrix , we can directly calculate the change in output.
Tables III and IV show the reduction in output power when a single element fails in a 9-and 25-element array, respectively. The grid dimensions are the same as those in the previous waveguide section. Again, we consider various failure locations in the array. We also consider devices failing as a match, open, and short. As before, a single shorted failure is the worst case. Fig. 6 shows the simulated cumulative change in output power for a 100-element free-space array with multiple failures. Even though the scattering parameters of the free-space array are quite different from the waveguide array, the failure results are nearly identical. This suggests that the performance of power-combining arrays as devices begin to fail may be somewhat insensitive to the details of the array construction. We note that although (10) is no longer strictly valid, the simulated results for matched failures are indistinguishable from (10) . Also plotted in Fig. 6 are Kim's measured results for a 100-element heterjunction bipolar transistor (HBT) amplifier array [2] . Kim's array was tested at 10 GHz and had a unit cell size of 8 mm. Device failures were simulated by detuning the amplifier's input match. The simulation agrees very well with the measured data for a 10% failure rate. The agreement becomes worse as more devices fail. To some extent this is to be expected, as our simulation does not account for any change to the grid amplifier's input power as the devices fail. Furthermore, Kim's array was constructed on a dielectric substrate and included polarizing and tuning elements. Our simple simulation does not include these structures and assumes a greatly simplified surface current distribution. We also simulate the cumulative loss for the same freespace array with the frequency increased to 17.9 GHz. At this frequency, a single 7.6-mm strip dipole is resonant. The failure performance is similar to the results at 10 GHz with one notable exception: the performance with shorted failures is worse. This is to be expected as the shorted failures become resonant parasitic elements. For comparison, shorted failures at 17.9 GHz are also shown in Fig. 6 .
We finally note that as devices fail in a free-space array, the array's radiation pattern will change. Our analysis takes these changes into account only to the extent that affects normal radiation. A detailed analysis of the effects of element failure on the radiation pattern including sidelobes can be found in the work of Mailloux and Cohen [21] .
VI. CONCLUSION
We have developed a simple formula for the loss in power combiners with identical matched sources. To apply the formula, we need to know the reflection coefficients of the fault and input port on the power combiner. We have applied the formula to two simple grids. We have also outlined a method to determine the scattering parameters of an -element array with one output port. We apply our method to analyze failures in dipole power-combining arrays in free space and waveguide. These arrays are shown to degrade gracefully, in agreement with experiment. For a relatively few number of failures, all cases presented are very similar; (10) can be used as a guide to predict the change in output in power combiners as elements begin to fail. Our examples have been admittedly simplified to facilitate computation. However, the approach is general. If necessary, more sophisticated methods could be used to determine the scattering matrix, such as the full-wave approach developed by Nuteson et al. [22] , [23] .
